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12) Leff:[0,3]-> R be defined by f(x) =x,0xx <1
obtainformulars for F(x):=fo and S I

S 14x<2

X
, 2x<]I

shatch thegraphs off and . Where is I differentiable?
Evaluate at F(X) at allsuch points.
PG: on 04xs1,

F(=ffyidy =Sydy =y*=2*
On 12X< 2,

F(x) =fotydy =Sftyiely+ S"fly)dy =+dy
=+(x-1) =x -z.

on 24 x3

F(x) =(y)dy=1 +(2-i) - (-i) +(Ydy =E +(2x2-2)
= f() F(X).

=Ix2 - I
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I -
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Notethat for x=1, My-F(x)- thx =1

+F'(x) =C+2 =

1.

SoF(1) does exist.

But at x=2,

Mine- F(x) =diz12

z+F(x) =x2x =2
50 F (2) DNE.

So f(x)=f(x) for x= [0,3]1523



12) Show there does notexistacontinuously differentiablefunction for [0,2] such
that f(0)= -1,f(z) =4, f(x) -32 for02x=2.

PI:By FTC, we have

f(x) -f(x) =(*f(x)dx )2dx =2x.
Sof(x) =2x+f(0) =2x - 1 for 0xx*2.

Then f(2) =2.2-1 =3<4.Sof(z) =4 is

impossible...



1) Proofof Substitutionthesem.

P:Following thehint, wedefine
F(u):=fef(ex, for new
H(t):=F(e(t)) forth].

Then by the fundamentaltheremof calculus,
F(u) =f(u) for meI, and so by the chain rule,
HCE) =F (ect)) t(t) =f(Y(t))4'(t) and mehence

that

Ief(x)dx*F(y()) -F(e(9))
=

H(p) -H(x)

=]Ht)dt
=If(e(t))eGdt.

as required.1.



21) Letf,geR[ab]
a) If tet, show that I"tfIg)2>,8
b) Use (a) inshowthat 21.fg)< t)g+()Sog2 for the
10)If If=0, showthat (fg=I
(d)Now prone that ISg) (Sifgi) (.44.(9),
the Cauchy-Schwarzinequality.
f:(a) by the Producttherem (Am7.3.16), tf, geRab),
then the Compositiontherem (Thin7.3.14) implies that
(f =g)-R[a,b] . Finally, since (tf1g),8,
Itf=g)2>,8.
(b) Expandingout (a),we got
It+2+fg +922,6 =) -2t)gxt22+2
jef2-2+fg +g2,0 =2tffg t2g2+192.
So dividingbyt(->0) and takingabsolute value we obtain
2!!fg) t12 +()(g2.



(C)if If=0, (b) above becomes

21Sfg)"(i)(g: for all ->0.

So letting + ->- yields
2(g) =0 => 1,89=8.

(d) Note by (C) above, if I=0, (d) is finially the inequality
08

2.820, then let t=(g2/g2) in(b) above

and, replacingof by 181 and g by(g) in(b), megot,Cor7.3.15

2Ig)E2Sg) (gYa)"42-(g)"g
=2/gyof"

=>Hig)" (Sig))"=ISY"sg)" asrequired,
Since (f=f2, 1gEg2).



retfandgbeboundedfunctionon1:= [ab).2ff(y):g(X) forall x=2,
showthat ((f)< (19) and UC) <U(g).
:Let Pbe a partitionof Lai] with subintervals In*[xn-,Xm].
Then since f(x)<g() for all x=I,
mult) =int(f(x):x==w] - inf3g(X):x=zw3 =mrg),
So L(fiP) <L(giP) for the partition P.
Since I was chosen arbitaly,thisiplies

↳(f) ? ((g).
Similarly, U(f) =U(g)./.



8) letf be continues on1= (a,b] and assume f(x),8 forall x=1.
Prove that if ((f)=0, then f(x)=0 forall x=1.

18:Suppose for contradiction that Ic=[a,b) s.t. f(c) > 0.
Then by continuity off, there isa small abled vo of a sit
f(x*<0 on VM(a). Then for somepartitionP,
mebere ((f;P)>0, and hence (A) >0,which is a

contradiction/.


